Building on concepts from continuum mechanics, we offer a computational model for geodesics in the space of thin shells, with a metric that reflects viscous dissipation required to physically deform a thin shell. Different from previous work, we incorporate bending contributions into our deformation energy on top of membrane distortion terms in order to obtain a physically sound notion of distance between shells, which does not require additional smoothing. Our bending energy formulation depends on the so-called relative Weingarten map, for which we provide a discrete analogue based on principles of discrete differential geometry. Our computational results emphasize the strong impact of physical parameters on the evolution of a shell shape along a geodesic path.
Introduction
Imagine being presented with a picture of two different poses of a shape, such as two postures of a human hand or an animal body. Based on everyday experience, it might be obvious how to deform one such shape into the other with the least amount of effort or in a most natural manner. Nonetheless, irrespective of how well the human brain might be capable of reconstructing such deformations, the question of how to do so automatically remains a challenge.
We offer a step toward an automatic construction of deformation paths between two-dimensional surfaces, based on a physical deformation paradigm. Viewing surfaces as thin viscous materials of some finite (albeit small) thickness, we define the best deformation path between two points in the space of shells as one that has least energy dissipation, i.e., that requires the least total effort (cf. Fig. 1 ). Although there might be countless ways to equip shell space with a notion of distance in principle, our physically motivated approach appears to conform with human intuition. E.g., geodesic paths corresponding to our distance notion tend to automatically prevent undesired singularities, such as the formation of creases or a local collapse of the surface. Our geometric formulation is invariant under rigid motions and does not require any surface parameterization. We introduce the notion of time-discrete geodesics, which provides a computationally efficient and robust time discretization of geodesics in shell space, yielding intermediate shapes that are stable with respect to the spatial discretization of input poses.
The requisite viscous dissipation potential of our model is closely related to elastic properties of thin shells. We rely on recent mathematical results that offer a sound justification for (tangential) membrane and (out-of-plane) bending contributions of smooth thin shells as their thickness approaches zero. In particular, we employ the so-called relative Weingarten map for describing bending energy contributions, and we offer a discrete theory that closely parallels the smooth one.
We demonstrate how appropriate choices of material parameters in our model allow for controlling the appearance of geodesic paths, resulting in an intuitive paradigm for navigating within shell space.
Related work
There exists a vast amount of literature on interpolating and morphing shapes. One possible approach linearly interpolates local geometric quantities such as edge lengths and dihedral angles of triangulated surfaces and then seeks the triangulated surface whose edge lengths and dihedral angles fit best to the interpolated values, either by optimal alignment and blending of patches [WDAH10] or by minimizing the total edge length and dihedral angle difference to the interpolated values [FB11] .
Sometimes, morphing paths are computed as the gradient flow of an energy that measures the mismatch between a template and a reference shape [CFK05] . By designing an appropriate inner product with respect to which the gradient is defined, paths with certain properties (such as smoothness or volume preservation) tend to be preferred [EPT * 07].
An alternative approach is to design energies that yield morphing paths with a specifically desired behavior [AOW * 08]. Such an approach is conceptually close to the more general setting of Riemannian shape spaces-an approach that we also follow in this paper. The respective Riemannian spaces have been considered for volumetric shape deformations, where the metric imitates a physical energy dissipation induced by the deformation of a ductile or viscous material. This dissipation is either measured within shapes [FJSY09, FW06] or in the surrounding space [DGM98] . Such physical approaches tend to yield intuitive paths and allow for a simple and natural time discretization [WBRS11] . Our approach is inspired by this idea. [LSDM10] . Although the latter examples explore the space of surfaces, they do not offer a physically motivated model for the underlying structures.
Our physics-based approach builds on existing literature for discretizing thin shells in a geometric manner and on concepts known from Discrete Exterior Calculus (DEC) [DHLM05, DKT08] . We adapt ideas from Grinspun et al., who derive a simple shell model for triangular meshes, consisting of a membrane and a bending term, where the latter captures differences in mean curvature [GHDS03] . In particular, we build on the extension to shape operators provided in [GGRZ06] .
From a mathematical perspective, in devising our Riemannian shell space, we rely on recent analytical results for smooth surfaces, where a curvature-based deformation energy of thin plates is rigorously derived as a socalled Γ-limit of three-dimensional nonlinear elasticity theory [FJM01, FJM02] and extended to shells in [FJMM03].
A discrete, physical path energy
Consider the question of finding the "best" deformation path between two given thin shells, i.e., between two thin, curved layers of material that can undergo smooth deformations in R 3 . In this section, we offer a physically motivated answer to this question, based on paths of least energy dissipation; we later cast this answer into a more geometric picture.
Time-continuous setting. Viewing shells as thin threedimensional materials, let δ be a scale parameter that reflects the thickness of a smooth surface M embedded into t . We treat viscous dissipation according to Rayleigh's analogy that derives a viscous formulation from an elastic one by replacing elastic strain by strain rates [Str45] .
To this end, we consider an elastic energy density W (A) acting on symmetric 3 × 3 matrices (strain tensors) A. In order to maintain invariance under rigid motions, we assume that W (R T AR) = W (A) for all R ∈ SO(3). We further assume that the identity matrix, 1, is a minimizer, implying that W (1) = 0 and W ,A (1) = 0, where W ,A (1) denotes the derivative of W at the identity. According to Rayleigh's analogy, we consider the dissipation density to be given by the second derivative of elastic energy density at the identity, i.e.,
for any symmetric 3 × 3 matrix δA. Here W ,AA (1)(δA, δA) denotes the second derivative of W with respect to the variation δA.
The energy dissipation associated with the accumulated viscous friction along the deformation path is then given by
In this view, a best or shortest path between two shells can be defined as the path of least energy dissipation.
Time-discrete setting. In order to transform the above time-continuous setting into a corresponding time-discrete one, consider the time-discrete family (M
K denotes the discrete time step. According to the above discussion of Rayleigh's analogy, we define the total elastic energy by
Here we let A[φ] := Dφ T Dφ specifically denote the Cauchy Green strain tensor. Using (1), a straightforward Taylor expansion shows that one can approximate, up to second order in τ, the path energy (2) by where
Notice that on the left-hand side of (4) we have tacitly represented the corresponding material volume M δ k by the surfaces M k . In this framework a "best discrete path" minimizes E[M 0 , . . . , M K ] under the assumption that M 0 and M K are given. Note that due to (4) we here implicitly associate a sequence M 0 , . . . , M K of shells with a sequence of deformations φ 1 , . . . , φ K of corresponding material volumes M δ 0 , . . . , M δ K−1 . This means that there is a point relation between all shells M k , and in particular the relation between M 0 and M K is given as a priori information. Also, the deformation of the material around M 0 , . . . , M K is simply assumed to be energetically optimal in the sense of the energy (3). Next, we provide an interpretation of this approach from a geometric point of view. Then, we approximate the energy W by an energy directly defined on the two-dimensional shell surface.
Time-discrete geodesics in the space of shells
Shortest geodesic paths on Riemannian manifolds are defined as minimizers of a path energy for fixed end points. Thus given a discrete path energy the definition of a discrete geodesic path suggests itself:
Definition [Discrete geodesic in the space of shells] Given two shells M A and M B we refer to the minimizer
As the number K of shells increases and the discrete geodesic path between M A and M B becomes refined, one can expect convergence to a time-continuous shortest path with respect to a particular metric, which we next identify. Let Eτ be the path energy from time 0 to time τ of a smooth path (c(t)) t≥0 on a Riemannian manifold with v =ċ(0). Then one recovers the underlying metric g at c(0) by g(v, v) = lim τ→0 1 τ Eτ. Hence, in light of the approximate path energy (4) we obtain the following representation for the metric g on velocity fields v deforming a given shell (which represent the tangent vectors in shell space):
where (φτ) τ≥0 is a deformation path withφ 0 (M δ ) = v. For smooth deformation fields we thus retrieve the temporal rate of viscous dissipation M δ Diss(ε [v] ) dx as the associated metric. Then a simple quadrature argument shows that
] is a 2nd order approximation of the corre-
We point out an interesting fact for discrete paths on complete Riemannian manifolds that motivates the name discrete geodesic. For any discrete path (i.e., sequence of points)
with equality occurring if and only if all c k lie along a (smooth) minimizing geodesic curve from c 0 to c K and
] turns the right hand side of (6) into our discrete path energy.
Deformation energy
Since we view shells as thin material layers, viscous friction is predominantly caused by two mechanisms (cf. Fig. 3 ):
(i) friction due to in-layer (tangential) shear or compression, (ii) friction due to (transversal) shear caused by bending. Based on a suitable decomposition and approximation of the deformation energy in (3), (i) can be described in terms of membrane strains of M, while (ii) is associated with bending strains of M. This view can be made precise by relying on a well established theory for the approximation of elastic deformation energies and the geometry thereof. Indeed, (i) and (ii) are intimately related to the first and second fundamental forms of surfaces, respectively.
According to the path energy (4), it suffices to spell out elastic energies for pairs of surfacesM and M. Here we viewM and M as the undeformed and deformed surface (of zero thickness), respectively. is given by the membrane energy
where the energy density Wmem depends on the field A[φ].
Inspired by the results in [WBRS11] , we define the requisite energy density as
where λ and µ are the Lamé constants of a tangential Newtonian dissipation measure and where tr A and det A denote the trace and determinant of A as an endomorphism on the tangent bundle ofM. Notice that det A describes area distortion, while tr A measures length distortion. The polyconvex function Wmem(A) is rigid body motion invariant, and the identity is the minimizer. The log det A term penalizes material compression, which in the discrete setting prevents degeneration of triangles.
Bending energy. LetĪI and II denote the second fundamental forms ofM and M, respectively. We pull back II toM via
and we define linear mappingsB and B corresponding toĪI and II * , respectively. In detail,B is the shape operator on M, i. e.Ī(Bv, w) =ĪI(v, w), and B is the pulled-back shape operator on M, i. e.Ī(Bv, w) = II 
Although other choices are conceivable, we consider the simple choice W bend (Q) = Q 2 , where . denotes the Note, that both energies are mainly concentrated at the joints, where dissipation due to bending is significantly larger than dissipation due to tangential distortion. The relative difference between path energies of the two sequences is 3%. The deformation energy W def between two corresponding shapes in the two sequences is less than 0.01% of the deformation energy from the first to the final shell.
Frobenius norm. Notice that different from bending energies considered in graphics elsewhere, W bend (Q) takes into account the full change of second fundamental forms, not only the change of their traces (i.e., mean curvatures)-to the effect that changes of bending directions get accounted for appropriately.
Deformation energy. Combining membrane (7) and bending (9) contributions, we approximate the deformation energy (3) by
and rewrite the path energy (4) as
which solely takes into account the two dimensional shell surfaces. Notice that according to the above discussion, η = δ 2 ; hence, √ η represents the thickness of the material.
Discussion. Figure 4 shows a discrete geodesic between two different hand poses. The underlying dissipation represented by the two energy densities is characterized by a strong concentration in regions of the joints, where dissipation due to bending is even more concentrated than dissipation due to tangential distortion. We note that geodesic paths need not be unique, and in particular buckling modes might lead to multiple (shortest) geodesic paths between two input shells (cf. Fig. 5 ). As discussed above, given two shells we regard the second as a deformed version of the first, i.e., the corresponding material of the second shell is just in a deformed configuration compared to its configuration in the first shell. Since every material point has a well-defined position, we view this deformation φ as a priori information when computing an optimal path between both shells. In the discrete setting we accommodate for this situation by working with meshes of a fixed connectivity, so that φ is indeed always well-defined. 
Physical tuning of geodesic paths
The above derivation of the deformation energy (11) completes our exposition of time-discrete geodesics for the case of smooth shells. Before introducing a corresponding version for discrete shells, we point out that our framework effortlessly allows a physically based tuning of "best" paths between shells. Our choice of physics-based deformation energies offers several advantages. Due to everyday experience, physical models come close to human intuition so that our framework tends to lead to intuitive discrete geodesic paths. In particular, along a discrete path one can separate bending from stretching effects. The former especially play an important role for near-isometric deformations (see Fig. 6 ), an ubiquitous case in applications. Here, the energy dissipation due to bending serves as the proper path selection mechanism, without the use of additional (usually nonphysical) regularizers as in [KMP07] . In this respect, the parameter η may also be seen as the natural regularization parameter (see Fig. 7 ). Obviously, the parameters η, λ, µ in erty is approximately maintained for intermediate shells during the deformation. Vice-versa, a larger η prevents crumpling at the cost of involving a fair amount of tangential stretching (Fig. 9,10 ). Both types of behavior are perfectly consistent with the intuitively optimal way to deform an aluminum foil or a thick metal sheet, respectively. The parameters λ and µ represent the respective resistance against area and length changes, whose relative magnitudes also influence the appearance of discrete geodesics: In the previous examples we have pointed out that area compression can be avoided by out-of-plane buckling for sufficiently small bending resistance (see Fig. 11 bottom for an additional example). An alternative effect occurs for a low ratio µ/λ between shearing and dilation resistance, which allows for a simultaneous shell contraction in one and extension in the opposite direction (Fig. 11 top) . 
Discrete shells
Mimicking our discussion of the smooth setting in Section 5, we require discrete versions of membrane and bending energies for pairs of polyhedral surfacesM and M in order to compute the path energy (11) for sequences of polyhedral surfaces. As before, we viewM as the undeformed and M as the deformed two-dimensional surface. We also assume thatM and M have the same connectivity, to the effect that a piecewise linear mapping φ between these surfaces is readily available. Following our exposition in the smooth case, we require discrete notions of first and second fundamental forms, for which various versions can be found in the literature. Here we lay out our specific choices.
Membrane energy. We consider the standard constant strain triangle (CST) formulation to represent the membrane energy needed to deform a triangleT into a triangle T . In order to obtain compact expressions for the requisite first fundamental formsĪ and I, notice that in dimension two, every quadratic form is uniquely determined by its action on three different vectors. Associating these vectors with the triangle edges e 1 , e 2 , e 3 of T , we define I i := e i 2 as the squared length of the ith edge of triangle T . Analogous to the smooth setting, we define the pullback of the first fundamental form from M toM by a piecewise linear mapping A viaĪ(A·, ·) = I(dφ·, dφ·), which can be expressed per triangle by
where the indices j = i + 1 (mod 3) and k = i + 2 (mod 3) refer to the cyclic ordering of edges ofT , ⊗ denotes the outer product,t i is the result of clockwise rotating edgeē i by π/2 in the plane ofT , and |T | denotes the area ofT . The associated membrane energy takes the form
where we sum over all trianglesT ofM and we use the exact same energy density (8) as in the smooth case. However, notice that AT has a null space corresponding to the normal direction; hence, we replace det AT by det(AT + (ē1×ē2)⊗(ē1×ē2) 4|T | 2 ) in (8) in order to account for this effect in our implementation.
Bending energy. To be consistent with the above assumptions that first fundamental forms are constant per triangle, we work with second fundamental forms that have the same property. Since second fundamental forms are quadratic forms that account for the change of normals, we require three normals per triangle, which we associate with edge midpoints, by adopting and adapting ideas from [GGRZ06] . For every edge e = T 1 ∩ T 2 between two triangles, we define Ne as the normalized sum of the unit normals belonging to the elements T 1 and T 2 . For boundary edges, we take the respective triangle normal. With normals associated to edge midpoints, the (discrete) 1-form dN acts on line segments connecting these midpoints. Indeed, fixing a triangle T with edges e 1 , e 2 , e 3 and corresponding edge normals N 1 , N 2 , N 3 we find that dN(e i j ) = ei j dN = N j − N i , where e i j is the line segment connecting the midpoint of e i with that of e j . Using the vector identity e k = −2e i j , where k is the complementary index to i and j in T , we accordingly define
as the action of the second fundamental associated with a triangle T along the direction e k . We make analogous definitions for the second fundamental form of the undeformed surface, i. e. ,ĪI k := 2(N i −N j ) ·ē k .
Again, the quadratic formsĪIT and II T are uniquely determined byĪI i and II i , with i ∈ {1, 2, 3}, respectively. Analogous to the smooth setting, we define discrete shape operators viaĪ(B·, ·) =ĪI(·, ·) andĪ(B·, ·) = II(dφ·, dφ·). Similar to our treatment of first fundamental forms, per triangle we obtain
and analogously forBT by replacing II i byĪI i for i ∈ {1, 2, 3}. As in the smooth case, we define a relative Weingarten map QT := BT −BT . The respective bending energy is
where again we use the exact same energy density W bend (Q) as in the smooth case, i.e. W bend (Q) = Q 2 .
Discussion. Our numerical experiments suggest that the resulting discrete geodesics are fairly mesh independent, even though the energy is only expected to become mesh independent for a very fine resolution. Figure 12 provides an example of this observation, where the path energy between a regular and an irregular discretization differs by 18% relative error, while the resulting shapes are fairly similar. 
Multilevel Optimization
The minimization of the discrete deformation energy is a nonlinear optimization problem in R
, where M is the number of vertices of the triangulated shells, K the number of time steps. We apply a Quasi-Newton method with DFP updating formula to approximate the Hessian, combined with a line search method subject to the strong Wolfe conditions. The stopping criterion is based on a threshold of 10 −8 KM in the squared l 2 -norm for the energy gradient. Implementation details of the Quasi-Newton minimization are found in [NW99] ; it only requires evaluation of the energy and its gradient. The formulas for the energy are provided in (10) and (11) with the requisite terms given by (13), (15). Note that (12) and (14) already provide matrix representations of the corresponding linear operators so that they can be directly inserted into Wmem and W bend . Given these formulae, it is a simple but tedious exercise to compute the gradient with respect to each vertex position.
Each energy and gradient evaluation has complexity O(3MK), where a parallelization over the K discrete steps is straightforward. Table 1 shows average times for a single Quasi-Newton descent step.
Whenever feasible, the initialization is given by the linear interpolation of the two input shells M A , M B . Table 2 shows a convergence test for the simple test problem of a geodesic given by a family of expanding spheres with highly resolved triangulations. We experimentally observe fast convergence and a small lack of symmetry if the two input Table 2 : Path energy of a discrete geodesic with length K + 1. The second (third) column corresponds to the geodesic from a sphere of radius 2 (1) to a sphere of radius 1 (2).
shapes are exchanged. Not only the path energies but also the intermediate shells are robust with respect to exchanging the end shells (unless the end shells are connected by multiple geodesics as in Figs. 5 or 11 so that the realized discrete path depends on the path initialization). Swapping initial and final shell in Fig. 4 results in visually almost identical intermediate shells which differ from the original ones only by a deformation with energy three orders of magnitude less than the energy of the deformation from the first to the final shell.
Similarly to [KMP07] we introduce a multilevel approach based on Progressive Meshes [HDD * 93, Hop98]. The two input meshes M A and M B are simultaneously decimated using edge collapses while preserving a one-to-one mesh topology correspondence. In each decimation step a single edge is removed according to an appropriate error functional [GH97] . The geodesic optimization problem is first solved on the coarsest level. Then in a cascadic fashion the discrete geodesic is stepwise prolongated via nodal interpolation to the next finer grid level and optimized again.
Without a multilevel technique, the optimization in Additionally we apply a temporal refinement process, i. e. we successively add intermediate shells. Every new shell is initialized via the calculation of a time-discrete geodesic of length 3 between the temporally neighboring shells. The spatial and temporal refinement are then combined leading to a multilevel optimization scheme in space-time as an effective method to compute discrete geodesic paths between complex input shells (cf. Fig. 13 ). Note that in the current algorithm we observe a lack of proper termination of the solver for large η values (η > 1) representing a strong bending energy. Another numerical difficulty is caused by the fact that the mesh decimation algorithm in its current implementation does not take into account the local deformation strength, which varies across the shell. Thus, regions of strong deformation might get coarsened although they should better stay finely resolved. This might lead to slightly less balanced deformation steps at very coarse resolutions (cf. top green shell in Fig. 13 ). Possibly due to such effects, the needed total number of iterations strongly varies with the chosen number and resolutions of the different refinement levels, and heuristics for an optimal choice still have to be found.
Conclusions
We considered geodesic paths in the infinite-dimensional manifold of thin shell shapes as a model for smooth shape interpolation. The underlying metric is chosen as the physical energy dissipation due to shell stretching, shearing, and bending, where we interpret a shell variation as a deformation of a sheet of ductile material. Replacing the timecontinuous shell deformation by a finite sequence of stepwise deformations with associated elastic energies we arrive at an intuitive and simple definition of time-discretized geodesics as discrete paths which minimize the corresponding energies of the stepwise deformations. Our time discretization allows quite coarse time resolution (cf. Tab. 2) and is a great advantage of the proposed model as it is algorithmically much simpler than the alternative of directly approximating solutions of the geodesic equations.
The elastic energy of the stepwise deformations splits into a physically sound hyperelastic membrane energy, which only measures the change in the first fundamental form, and a bending energy, which depends on the relative Weingarten map between undeformed and deformed shell and whose form can analytically be derived from three-dimensional elasticity theory. This strong physical foundation leads to very natural time-discrete geodesic paths, which can be tuned via a set of physical parameters. In particular the use of a physically correct bending energy already ensures smooth paths without any additional regularization.
For numerical computations, shells are triangulated, and the different energy contributions are approximated on the discretized shells. The derivation from a continuous formulation leads to the experimentally observed, valuable independence of the geodesic paths from the particular discretization and allows to employ a simple multilevel optimization approach.
Next steps necessarily involve the rigorous mathematical justification of the approach in the space continuous setting. Also, the same framework proposed here will be applied for geodesic extrapolation and parallel transport on the shell space. Furthermore, one might be interested in geodesic paths where the point relations between both end shapes are not prescribed.
